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Abstract

In this paper , we find Hosoya polynomial and Wiener index of n-connected
graphs by the vertices identified and edges introducing with isolated vertex. Also , we
find Hosoya polynomial , Wiener index , and average distance for some compound
graphs from special graphs
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1.Introduction:

Let G be a connected graph of order pand size (. The distance between
two vertices u and v in G is the minimum of the lengths of u-v paths in G it is
denoted by d(u,v).

The eccentricity e(v) of a vertex v in G is defined by :
e(v)=max{d(u,v):ueV(G)},

where V(G) is the vertex set of G. The diameter of G diamG, or¢ ,is defined

by:

diamG =max{e(v):veV(G)}=max{d(u,v):uveV(G)}.

Let d(G,k) be the number of pairs of vertices in G that are distance k apart
,0<k <6, then the Hosoya polynomial of a connected graph G is defined by [8]

H(G;x):id(G,k)x" :
k=0

Let d(v,G,k) be the number of vertices in G, that are at distance k from
vertex Vv, then the Hosoya polynomial of a vertex v is defined by [8]

H(v,G;x)=>d(v,G k)x*.

k>0

Observe that H(v,G;0)=1, H(v,G;1)=p , H(G;0)=p ,and H(G;1)=q .

The concept of distance based polynomial was introduced in 1988 by H.
Hosoya [6] Hosoya's paper, which seems to be the only published work concerning
this issue, reported a limited number of results on Hosoya polynomials. In 1993,

Gutman [5] defined vertex identified and edge introducing graphs, constructed from
two vertex disjoint connected graphs as given next:

Definition:[5] Let G;and G, be any two connected graphs with disjoint vertex sets.
Let u and v be any two vertices of G,;and G, respectively, then the vertex identified
graph G, -G, is obtained from G,and G, by identifying the vertices u and v, the
edge introduced graph G; : G, is the graph obtained from G, and G, by introducing a
new edge joining the vertices u and v . Gutman obtained H(G;-G,;x) and
H(G, : G,;Xx) as given next.
Gutman's Theorem:[5]

@) H(G;-Gy;x)=H(G;;x)+ H(G,;x)+H(u,Gy; x)H(V,G, ;%)

—H(u,G;;x)-H(v,G,;X).
(b). H(G; :G,;x)=H(G;;x)+H(G,; X))+ XxH(u,G;; x)H(v,G,;x).  #

Our terminology and notations will be as given in the references [3,4].
2. Hosoya Polynomials of Coalescence Graphs:
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Let G, be a connected graph of order p;, and size @, with u; €G; ,

n

i=12,...n , define the coalescence graph 1_[(ui ,G;,.) is the graph obtained from
i=1

G,.,G,, .. ,G, by identifying the vertices u,,u,,..,u, . (See Fig.2.1). We denote

f[(ui,Gi,.) by I, .
i1

Fig. 2.1 The coalescence graph |
n n
It is obvious that  p(l;)=> p-n+l, q(l;)=).q, and
i=1 i=1

diam(1;, ) = max{ T@X{diamGi } max{eg;(u;)+eg (uj)}}.
<i<n i<j )
In the following theorem, we find the Hosoya polynomials of I: .
Theorem 2.1: For any positive integer n, n>2 we have

HO1Z0 = 3 H(G )+ 3. S H(b, GyixH(u; Gix)
i=1

i=1 j=i+l
—(n—l)zn“H(ui ,Gi;x)+L2(n_2). ..(2.1)
i=1

Proof: Using mathematical inductionon n, n>2.
For n=2, we have by Gutman's Theorem (a),
H(I,;x)=H(G,;;x)+H(G,;x)+H(u,,G,;x)H(u,,G,;x)
—H(u;,G;5x)—H(u,,G,;x).
Thus (2.1) is true for n=2.
We assume that (2.1) is true for n=r ,r>2.
For n=r+1, again using Gutman's Theorem (a) , we have
H(10x) = HOI X)) + H(G 5 x) + H(u, 1 X)) H (U, .Gyl i X)
—H(u,I;;x)-H(u,,,,G,,,;X).
where u=U; =U, =..=U, .
From Fig. 2.1 , we notice that
r
H(u,17;x) =D H(u;,Gj;x)—(r-1)
i=1
X)=H(1;x)+H(G,,,;X)

+{Zr:H(ui ,Gi;X)_(r_l):|H(ur+l’Gl’+1;X)
i1

*

Then H(I

r+l1?
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.
- ZH(Ui Giix)—( r—l)}— H(U.1,Gri13X) -
i=1
By mathematical induction assumption we have

H(l,,;X)= ZH(GI’X)+Z ZH(u,,G.,x)H(uJ,GJ,x)

i=1 j=i+1

—rZH(ui G; ;x)+L2(r_2)+ H(G, ;;X)

i=1

.
+> H(U;, G X)H(Uy .Gy X) = (r=1)H(Up,; G111 %)
i=1
r+l1

- X H(UG )+ 1)

r+1 r+1

—ZH(G,,X)+Z D H(u;,G;;x)H(u;,G;;x)

i=1 j=i+1

—er(u,,G,,x) r(r 1)

Hence (2.1) is true for aln, n>2. #

n
If each of G;,G, , ... ,G, is isomorphic to G, then H(u,G,.) is denoted by
i=1
I;(G), and u; =u, forall i=1,2,...,n suchthat ueV(G).
Corollary 2.2: For n> 2, then

H(1"(G):x) = nH(G; x)+ N =1)

[H(u,G;x)-1f -n+1. #

3. Hosoya Polynomials of Bridges Coalescence Graphs:
Let w be isolated vertex , G;,G,, ... ,G, be disjoint connected graphs and

n

u; eV(G;),vi=1,2, ... ,n, then the bridges coalenscence graph H(W’Gi ) is
i=1

obtained from G,,G,,..,G, by adding new edge wu;, for alli=1,2,...,n.(See

n
Fig.3.1). For simplicity we denote H(W’Gi . ) by J::.
i=1

Fig. 3.1 Theb graph J.




ICIT 2013 The 6" International Conference on Information Technology

n n
It is clearly that p(J;)=> p(G;)+1 ., q(J;)=>.d(G;)+n, and
=]

i=1
diam(J, ) = max{ rln_ax{diamGi }.max{eg (U; )+eg (u;)}+2}.
<1<n i<j L i

In the next theorem, we give the Hosoya polynomial of J:: forall n>2.
Theorem 3.1: For any positive integer n, n> 2 ,we have:

H(J:;x):Zn:H(Gi ;x)+xZn:H(ui G;;X)
i=1 i=1

+x2i§H(uj,Gj;x)H(ui G x)+1 . ...(3.1)
Proof: From clearlylt;a:t1
H(J[;x)=H(G,;x)+xH(u,,G;;x)+1,
when n=2 , then by Gutman's Theorem (b) , we get
H(J5;x)=H(J];x)+H(G,;x)+xH(w,J];x)H(u,,G,;x)
=H(G;;x)+H(G,;x)+xH(u;,G;;x)+1
+XH(w,J7;x)H(u,,G,;x).
Since H(w,J;;x)=1+xH(u,,G,;x) , then

H(JZ;X)=iH(Gi;X)+XiH(ui,Gi;X)
i=1 i=1

+Xx?H(uy,Gp;x)H(U,,G,i x)+1.
This satisfied (3.1) when n=2.
Assume that (3.1) is true when n=r,(r>2) .
Now , we shall prove that (3.1) is true , when n=r+1 .

Since H(J,,1;x)=H(J,;x)+H(G,,;;x)+xH(w,J, ;x)H(U,,,,G,,;;X), then

r r
H(‘]”l;x):ZH(Gi ;X)+XZH(Ui Gi;x)
Py =

Ir i-1 |
+Xzz H(uj!Gj;X)H(ui,Gi;X)+l
i=2 j=1

]

+H(Gr+1;x)+XH(W!j:;X)H(qu’GHl;X)- (*)
From Fig. (3.1) , we notice that
r
H(w,J; ;) =1+Xx> H(u;.G;;X). ()
i-1
Submitted (**) in (*) , we have
r+1 r+1
H(J;15%) =Y H(G;;x)+ x> H(u;,G;;x)
i-1 i-1
r+1i-1
+X2 D 3 H(U;,G5x)H(u; Gy x) +1
i=2 j-1

This means that (3.1) hold when n=r+1, r>2.
Hence (3.1)istrue forall n, n>2. #
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If each of G;,G,,..,G, is isomorphic to G, and H(u,G;x)=H(u;,G;;x),

n

ueV(G) forall i=1.2,...n , then H(W,G,Z) is denoted by J;:(G).
i=1

Corollary 3.2: For n>2 , then

X2(H(u,G;x))? +1. #

H(J1(G):x) =nH(G;x)+nxH(u,G:x)+ (n2 :

4. Examples:

1. If K, is the complete graph of order t , t>2. then diamK, =1,

H(u,K;;x)=1+(t-1)x, YueV(k,) , and H(Kt;x)=t+%t(t—1)x.

Thus , from Corollaries 2.2, and 3.2 , we have
H(':(Kt);X)=(nt—n+1)+gt(t—1)x+@(t—1)2X2

H(J5 (K, );X)=(”t+1)+(gt(t—1)+n)x+(n(t—1)+ n(nz—l))xz

+(n(n—1)(t—1))x3+(@(t—1)2 )

2. If C, is an even cycle graph of order t, t=2m,m>2, then , diamC,, =m,

m-1 m-1
H(U,Cyp;X) =142 X" +x™, VUeV(Cyy) , and H(Cyypix)=2m) x" +mx™.
r=1 r=0
Thus ,from Corollaries 2.2, and 3.2 , we have
. LS n(n-1)
H(1,(Cyp)ix)=2mn> x" +mnx" = F(x)-n+1,
r=0
m-1 m-1
where F(x)=42rx”1+4Z(m—r)x”‘”+x2m
r=1
H(J,(C,y )iX) = 2ngx +mnx +nx(1+22x +xXM ) — ( ) X2F(x)+1,
r=0 r=1
m-1
where F(x)=4>"(rx+1)x" +4Z(m ™ 4 (1+x™ )2,
r=1 r=1
3. If C, is an odd cycle graph of order t,t=2m-1,m>2 then diamC,, ;=m-1,
m-1 m-1
H(U,Cpp1;X)=1+2>"x", VUEV(Cyp4) ,and H(CppyiX)=(2t-1)> x".
r=1 r=0
Then using Corollaries 2.2, and 3.2 , we have
m-1 m-1
H(1,(Copog )iX)=2nm>_ X" —n> x"+n(n-1)F(x)—n+1,
r=0 r=0
m-1 m-2
where F(Xx)=4> X" +4> (m—-r—-1)x"".
r=1 r=1
* i & IS rl n(n 1) 2
H(J,(Cypog );x)=2nm > ' an +nx+2an X°F(x)+1,

r=0

m-1 m-1
where F(x)=1+4> x"+4> X" +4Z(t —r—1)x"" .

r=1 r=1
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4. Let S, be the star of order t , t>4, with the vertex set
V(S;)={c,v;,v,, .. V;},where degc=t—-1and degv=1, VveV(S,;)-{c}.
Since diamS, =2, H(Vv,S;;x)=1+x+(t—2)x?* , for all veV(S;)-{c} , and

1
H(St;x):t+(t—1)x+5(t—1)(t—2)x2,
then using Corollaries 2.2, and 3.2, where the coalescence vertex is not c, we have

H(1(S, );x):(nt—n+1)+n(t—l)x+2((t—1)(t—2)+n—l)x2
+n(n—1)(t—2)x3+@(t—z)2x4 .
H(J, (S, );x)=(nt+1)+ntx+g((t—1)(t—2)+n+1)x2 +n(t+n-3)x°

+g(n—1)(2t—3)x4 +n(n—1)(t—2)x5+%(n—1)(t—2)2x6.

5. Let W, be the wheel graph of order t , t>4, with vertex set
V(W,)={c,v;,Vy, ... ,V;;}, where degc=t-1, and degv=3, VveV(W,)-{c}.
Since diamW, =2 , H(VW,;x)=1+3x+(t—4)x?, for all veV(W,)-{c} and
H(Wt;x):t+2(t—1)x+L2(t_4)x2,

then using Corollary 2.2 , where the coalescence vertex is not c ,we get:

H(I:;(Wt);X)=(nt—n+1)+2n(t—1)x+g((t—1)(t—4)+9(n—1))x2
+3n(n-1)(t-4)x® +%(n—1)(t—4)zx4 :
H(J;(Wt);x)=(nt+1)+n(2t—1)x+g((t—1)(t—4)+n+5)x2+n(t+3n—7)x3

+w(2t+l)x4+3n(n—1)(t—4)x5 +g(n—1)(t—4)zx6.

5. Wiener index and average distance.
The Wiener index of a connected graph G is denoted by W(G) and defined

by:W(G):1 D d(uv). ..(5.1)
2 uveV(G)

The name Wiener index for the quantity defined in (5.1) is usual in chemical
literature, since Harold Wiener [9] in 1947 seems to be the first who considered it.
Several mathematical authors obtained the Wiener index of many kinds of chain of
cycle graphs [2,7]. The Wiener index of G can be obtained from the following
formula [5]

d

W(G)=——H(G;x) oy = 2_kd(G k), (5.2)

dx k=1

But The Wiener index of a vertex U in G can be obtained from the following
formula [1]

W(u,G):%H(u,G;x)|X=1:de(u,G,k), ...(5.3)
k>1
Now from (5.2) and (5.3), we obtain the following corollary:
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Corollary 5.1: Let G be a connected graph with order p, then for n>2, the

Wiener index of 1,(G)and J,(G) are given by :
W(I(G))=nW(G)+n(n-1)(p-1)W(u,G).
W(J,(G))=nW(G)+n((n-1)p+1)(p+W(u,G)). #

Now from Corollary (5.1) and Examples 1-5 in Section 4 , we obtain the
following corollary:

Corollary 5.2: For n>3,we have:
1. W(I:(Kt))=g[(2n—1)t2—(4n—3)t+2(n—1)],

W(J5(K, )):2[(4n—3)t2 —(2n-5)t-2].
2. W(1(C,y))=n(2n—1)m* —n(n—1)m?,
W(J(Cyp ))=nm[(2n—1)m* +(4n—3)m+2].

3. W(I:(CZm1)):?[2(2n—1)m2—(8n—5)m+4n—3],

W(J7(Com 1 ))=g[(4n—2)m3 +(2n=3)m? —(6n—9)m+(2n—4)].

4. W(I'(S,))=n(2n-1)t* —n(5n—3)t+n(3n—2),
W(J; (S, ))=n[(3n—2)t* —(3n—4)t-2] .
5. W(J (W, ))=n[(8n—2)t* =5(n—1)t—3],
W(L (W, ))=n(2n-1)t* —n(7n—4)t+n(5n-3). #
The main distance or average distance of a connected graph G, denoted by
1(G)and is defined by
#(G)=2W(G)/ p(p-1) , p=N(G). (5.4)

Finally, from Corollary 5.2 and (5.4) , we have the following corollary :
Corollary 5.3: For n>3,we have:
* t
1. I(Ki)=2———,
(K ) =2 ———
* 2 3t-1
J.(K))=4—-(—+—).
MK =4 (C+ )
m(2m? —2nm+n-1)
4nm? —4nm+2m+n-1"
. m(m+n)
J,(C =m+2—-———-=.
H(33(Can ) oo
~ m(2m? -3m+1)
2(2nm? —4nm+m+2n-1)
. 3 4m®+10m?+2(n-7)m-n+5
H(33(Cop s D=+ (n-7)
2 2(2m-1)(2nm—-n+1)
6 2(2t+1)(t-1)
t t(nt+1)

2. u(1,(Copy ))=m~

3. u(15(Con1))=m

4. u(3,(S;)=6~
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x 2(t+n)
1 (S )=4-——ZL.
(S N=4-———
5. Il (W)=4——-—~
A1 (W) pre—
. 10 4(t2—t—1)
J - -
ML) =6-"0 ==
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