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Abstract 
 

The n-Hosoya Polynomials of saw graph , and thorn saw graph are obtained . 
The Wiener indices and n-Wiener indices of these graphs are also determined .   

  
  

Keywords: saw graph, thorn saw, n-Hosoya polynomial ,n-Wiener index. 
 

1. Introduction: 
We follow the terminology of 

[3],[4]. Let v be a vertex  of a 
connected graph G , and let  S be an 
(n-1)-subset of  V(G) , 2≥n , then the 
n-distance ),( Svdn  is defined by [1] 

}:),(min{),( SuuvdSvdn ∈= .              …(1.1) 
The n-diameter of G is defined by 

)}(,1

,)(:),(max{

GVSnS

GVvSvdGdiam nn

⊆−=

∈=
     …(1.2) 

The n-Wiener index of G is defined 
by 

∑=
),(

),()(
Sv

nn SvdGW .        ...(1.3) 

The n-Hosoya polynomial of 
connected graph G of order p is 
defined by 

k

k
nn xkGCxGH

n

∑
=

=
δ

0

),();( ,      …(1.4) 

 where pn ≤≤3 , nδ  is the n-diameter of 
G , and ),( kGCn  is the number of order 
pairs ,1,)(,)(,),( −=⊆∈ nSGVSGVvSv such 
that kSvdn =),( . 
One can easily show that [1]. 
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The n-Hosoya polynomial of  a  
vertex v in G , denoted by );,( xGvH n ,   
is defined [1] by 

k

k
nn xkGvCxGvH ∑

≥

=
0

),,();,( ,     …(1.6) 

where ),,( kGvCn  is the number of (n-1)-
subsets of vertices S such that 

kSvdn =),( . It is clear that for each k , 
nk δ≤≤0 , 

∑
∈

=
)(

),,(),(
GVv

nn kGvCkGC ,       ...(1.7) 

and 
∑

∈

=
)(

);,();(
GVv

nn xGvHxGH ,       ...(1.8) 

The following simple lemma is useful 
for obtaining  ),,( kGvCn  for every 
vertex v of  a connected graph G . 
 
Lemma 1.1: [2] Let t be the number of 
vertices of ordinary distance k from 
vertex v , and let s be the number of 
vertices of distance more than k from v 
in a connected graph G . Then 
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for nkpnGVv δ≤≤≤≤∈ 0,2,)( . 
 
Let T be a non-empty subset of 

vertices of G . We define 

∑
∈

=
Tv

nn kGvCkGTC ),,(),,( .    ...(1.10) 

We shall use this notation in our 
proofs. 
 In this paper , we obtain n-
Hosoya polynomials and n-Wiener 
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indices of saw and thorn saw graphs . 
Hosoya polynomials and Wiener 
indices are also determined in this 
paper .  
 

2. Saw Graph: 
A saw graph *

mP  is a path of 

order m, say ,,...,, 21 mvvv  with m-1 

additional vertices ,,,..., 121 −muuu and 

edges }1,...,2,1:,{ 1 −=+ mivuvu iiii  as 

depicted in Fig .2.1.  

 

 

 

Fig. 2.1. 

It is clear 12)( * −= mPp m  and 

)1(3)( * −= mPq m .  

The n-diameter of *
mP  is given in the 

next  statement. 

Proposition 2.1: If *
mP  is a saw graph 

of order 12 −= mp , then 

.2,
2

* pnnmPdiam mn ≤≤



−=  

Proof:  From Fig. 2.1 , one can easily 

notice that  ).( 1
* vePdiam nmn =  

The n-eccentricity of 1v  is the n-

distance from 1v  to the (n-1)-subset S 

consisting of the first n-1 vertices from 

the sequence : 

12211 ,,...,,, uvuvuv mmmm −−− . 

Thus , if n is even , then  

,2},,

;...;,;,;{

)12/(

)12/(2211

>

=

−−
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nv

uvuvuvS

nm
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 },{ mvS = 2=n , 

and so .
2

),( 1
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If n is odd , then  

.
2

1),(},
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1)2/)1(

)12/)1((211

−
−=

=

−−

−−−−−−

nmSvdsoandu

vuvuvS

nnm

nmmmmm
  

Hence , the proof.             

To find );( * xPH mn , we redraw 
*
mP , and relabel its vertices as shown  

in Fig.2.2 

 

 
 

Fig.2.2 The saw graph *
mP  where 

p=2m-1 

Theorem 2.2: For nk δ≤≤2 , the 

coefficient ),( * kPC mn  of the n-Hosoya 

polynomial of  the saw graph *
mP  of 

order 4,12 ≥−= mmp , is given by 
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Where kp 4−=α  , and nδ  is the n-

diameter of *
mP . 

2v  1v  4v  3v  mv  1−mv  

1−mu  1u  2u  3u  

2v  1v  3v  4v  5v  6v  pv  1−pv  2−pv  3−pv  
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Proof: Let iv , pi ≤≤1 , and S be an (n-

1)-subset of vertices. We consider  two 

cases for the values of k . 

Case (1): When  



≤≤

2
2 mk . 

For 121 −≤≤ ki , there are exactly two 

vertices, namely  2/)1(22 −+ ikv  and 

  12/)1(22 +−+ ikv , of distance k from iv , and 

there are   12/)1(22 −−−− ikp  vertices of  

distance more than k from iv .  

Hence for such values of i , the number 

of (n-1)-subsets such that kSvd in =),(  is 

given by 
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Because of the symmetry of *
mP  with 

respect to the initial vertex 1v  and the 

terminal vertex pv , the number of (n-

1)-subsets S such that kSvd in =),( ,  for 

pikp ≤≤+− 22 , is  given by (2.1) 

Hence for this case  and for the values 

of i, 121 −≤≤ ki  and pikp ≤≤+− 22 , we 

have 







−
+

−





−
+

−





−

++
=∑ 1

1
2

1
3

2
1

12
4),,( *

nnn
k

kPvC
i

min
ααα

                  .…(2.2) 

Now , for  122 +−≤≤ kpik , and 

1
2

2 −



≤≤
mk , there are four vertices of 

distance k from iv , namely , 

      ,,, 222/2222/2122/2 −++−+− kikiki vvv  and 

  122/2 −+ kiv .  The number of vertices in 

*
mP  of distance more than k from iv  is 

given by 

   
12

}1)122/2()122/2{(
+−=

++−−−+−

i

kikip
ηα

 

where 




=
oddisiwhen
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i ,1
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Hence for this case , the number of 

pairs ),( Svi of n-distance k and for all i, 

122 +−≤≤ kpik , is given by 
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It can easily  be checked that when p is 

odd , then the number of even i's is 

2
3+α  , and the number of odd i's is 

2
1+α . 
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Because, p is always odd for *
mP , then 

(2.3) simplified to  
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Finally , we note from Fig.2.2 , that 
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From above , (2.2) , (2.4), (2.5), and 

(2.6), we have  

ψ
α

+







−

++
=

1
12

4),( *
n

k
kPC mn , where 



















=+







−
+

−







−
+

−







−

−




≤≤







−
−+

−









−
++

−







−
+−

+







−
++

=

2
;

1
1

2
1
3

2
1

4

1
2

2;
1
1

2
1

1
1

2
7

1
3

2
3

1
5

2
3

mkif
nnn

mkif
n

nnn

ϕ
αα

αα

αααααα

ψ  

where 

















−

−







−

=
oddismif

nn

evenismifzero

;
1

2
2

1
6

2

;
ϕ .…( 2.7) 

Case (2):  When nkm
δ≤≤+



 1

2
. 

For )(21 kmi −≤≤ , then we have the 

same result of Case (1) for 121 −≤≤ ki . 

That is: 
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Also because of the symmetry of *
mP  , 

the number of (n-1)-subsets S such that 

kSvd in =),( , for pik ≤≤2   is  given by 

(2.8).  

Hence for this case  of the values of i , 

)(21 kmi −≤≤  and pik ≤≤2 , we have 









−

++
=∑ 1

12
4),,( *

n
k

kPvC
i

min
α  

This complete the proof . 

Corollary 2.3: The n-Hosoya polynomial 

of saw graph *
mP  of order p=2m-1 is given 

by 
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and  the n-Wiener index of saw graph 
*
mP  is  
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where  ),( * kPC pn  is given in Theorem 

2.2, for nk δ≤≤2 , and nδ  is the n-

diameter determined by Proposition 

2.1. 

Corollary 2.4: The Hosoya 

polynomial of saw graph *
mP  of order 

p=2m-1 is given by 

∑
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−+−+−=
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i
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    …(2.9) 

Proof: When n=2 , we have 

}){,(}){,( 22 vuduvd = . 

Thus  );( * xPH m  is obtained from 

Theorem 2.2 , by putting n=2 , and 

dividing by 2. 

We notice that our  result , for special 

value of n=2 is exactly the result  

obtained by W. A.M. Saeed [5]. 

From (2.9) we notice that: 

12)0,( * −= mPC m , )1(3)1,( * −= mPC m , and  

)(4),( * kmkPC m −= , for 12 −≤≤ mk . 

Therefore

),(...)4,(

)3,()2,()1,()0,(
**
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>>

>><<   

Thus , the sequence )),(( * kPC m is strong –

unimodal, and clearly , it is neither 

palindromic nor semi-palindromic . 

3. Thorn  Saw Graphs: 
 

Definition 3.1: Let G be a 

connected graph of order p and 

maximum degree ∆ . A n-thorny 

graph *G   is the graph constructed 

from G be adding pendals such that 

every vertex of G becomes of degree n 

, where n≤∆  , in *G . 

In most chemical graphs we 

have 4≤∆  and we take 4=n in 

constructing n- thorny graphs. For  saw 

graphs *
mP of order 2,12 ≥− mm ,  we 

take 4=n . Then , the thorn saw 
c*

mP of 

order 2,14 ≥+= mmp , is shown in Fig. 

3.1.  

 

 

 

 
 

Fig. 3.1. Thorn saw graph  c
mP* of 

order 14 += mp  

The number of added end-

vertices is )1(2 +m  and labeled 

2221 ,,..., +mwww . It is clear that 

15)( * −= mPq
c

m , and the diameter of c
mP*  

is 1+m , it is ),( 221 +mwwd . The first result 

determines the n-diameter of c
mP* . 

2v  1v  4v  3v  mv  1−mv  

1−mu  1u  2u  3u  

1w  
2w  

3w  4w  5w  6w  7w  8w  
mw2  

12 +mw  

)1(2 +mw  

12 −mw  
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Proposition3.1: The n-diameter of the 

thorn saw of order ,14 += mp  2≥m , is 

given by  
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Proof:  It is clear from Fig.3.1 , that  

).( 1
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c
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The n-eccentricity of 1w  is the n-

distance from 1w  to the (n-1)-subset S 

consisting of the first n-1 vertices from 

the sequence : 
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;,,,;...;,,,;
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3423524221
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 Notices that distance from 1w  to 

each of the four vertices 

32221 ,,, −−− jjjj wwuv , for mj ≤≤3 , is j . 

Also, each vertex of 

},,,{ 1221222 −++ mmmm wwww  is of distance 

1+m  from 1w , and if 5≥n , then S must 

contain all these vertices. Therefore, 

we have 5)1(4 −=−+ njm , which implies  

)1()2(44 −−+= nmj . 

Since j is integer , then  





 −

−+=



 −

−+=
4

21
4

12 nmnmj . 

For 2),(,20,4 1 =≤≤−= Swdhhmn n , which 

is the same result obtained from Fig. 

3.1.       

In the next theorem, we find the n-

Hosoya Polynomial of c
mP* .  

To simplify the proofs we redraw c
mP* , 

and relabel its vertices as shown in Fig 

.3.2 . It is clear that 14 += mp . 

 

 

 

 

Fig.3.2. 

Proposition3.2: For 143 +≤≤ mn , and 

1,01 =+ jforv j , 
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Proof: Let  S be an (n-1)-subset of )( *c
mPV . 

We consider  three cases for a 

vertex )( *c
mPVw∈ . 

Case(1): 1,0,)( == ruw r
i and 1,...,2,1 += mi  

There are three vertices, namely 

32
)1(

1 ,, vvu r−  each of distance 2 from 

1,0)(
1 =ru r .Also, there are three 

vertices, namely 3222
)1(

1 ,, −−
−
+ mm

r
m vvu  each 

of distance 2 from 1,0,)(
1 =+ ru r

m . 

Moreover, each of the three vertices 

1232
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−
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r
i vvu  is of distance 2 from 

1,0,...,3,2)( == randmiforu r
i .  

Therefore, the number of pairs ),( )( Su r
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such that ,2),( )( =Sud r
in  1,...,2,1 += mi , 

and 1,0=r  is given by   
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Case (2): 122242421 ,;;...;;, −−−= mmm vvvvvvw . 

There are four vertices, namely 
)1(

2
)0(

254 ,,, jj uuvv −−  each of distance 2 from 

1,01 =+ jforv j . Also there are four 

vertices, namely )1()0(
4252 ,,, jmjmmm uuvv ++−−  

each of distance 2 from 

1,0,12 =−− jforv jm . 

Moreover, each of the four vertices 

32222232 ,,, ++−− iiii vvvv , is of distance 2 

from vertex 2,...,3,22 −= miforv i .  

Therefore the number of pairs ),( Sw  

such that 2),( =Swdn , is given by 
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Case (3): 325253 ,,...,, −−= mm vvvvw . There 
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Hence, from (3.2) , (3.3) ,and (3.4) we 

obtain  (3.1). 

Remark 1: If m=2 , then Case (3) does 
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Proof: We have two cases: 

Case (1): BAw ∪∈ , where 

}1,...,2,11,0:{ )( +=== miandruA r
i  

}32,22,12,3,2,1:{ −−−== mmmivB i . 

As in the proof of Proposition 3.2, one 

can easily show that there are four 

vertices of distance 3 from vertex 

BAw ∪∈ ; and there are p-9 vertices of 

distance more than 3  when Aw∈ ; there 

are p-13 vertices of distance more than 

3  when },,,{ 221221 −−∈ mm vvvvw ; and there 

are p-17 vertices of distance more than 

3  when },{ 323 −∈ mvvw .  

Therefore, the number of pairs ),( Sw  

such that ,3),( =Swdn  is given by   

∑

∑∑
−

=

−

=

−

=









−−

−








+









−−

−








+








−−

−








+

1

1

1

1

1

1

1
174

2

1
134

4
1

94
)1(2

n

j

n

j

n

j

jn
p

j

jn
p

jjn
p

j
m
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−
−

+



















−
−

−







−
−

+=
1
84

4
1
84

1
44

)1(2
n
m

n
m

n
m

m




















−

−
−








−

−
+














−

−
−

1
164

1
124

2
1
124

n
m

n
m

n
m  









−
−

−







−
−

−









−
−

−−







−
−

+=

1
164

2
1
124

2

1
84

)1(2
1

44
)1(2

n
m

n
m

n
m

m
n
m

m
.     …(3.6) 

Case (2): }42,...,5,4:{ −==∈ mivDw i . 

For each such Dw∈  there are eight 

vertices each of distance 3 from w . 

But, there are (p-17)  vertices of 

distance more than 3 from vertex 

424, −≤≤ miievenforvi ; and there are 

(p-21) vertices of distance more than 3  

from 525, −≤≤ miioddforvi . 

 Therefore, the number of pairs 

DwSw ∈,),( , such that ,3),( =Swdn  is 

given by   

∑∑
−

=

−

=








−−

−








−+








−−

−








−

1

1

1

1
1

218
)4(

1
178

)3(
n

j

n

j
jn

p
j

m
jn

p
j

m









−
−

−−







−
−

−+







−
−

−=
1
164

)3(
1
124

)4(
1
84

)3(
n
m

m
n
m

m
n
m

m









−
−

−−
1
204

)4(
n
m

m .      …(3.7) 

Hence from (3.6) and (3.7), we obtain 

(3.5). 

Remark 2:  









−

=
1

4
6)3,( *

2 n
PC

c
n , 









−

−







−

=
1

4
4

1
8

8)3,( *
3 nn

PC
c

n , 









−

−







−

−







−

=
1

4
2

1
8

5
1

12
10)3,( *

4 nnn
PC

c
n . 

Proposition 3.4: For 143 +=≤≤ mpn , 

7,
2

4 ≥



≤≤ mmk , the coefficient of kx  

in the n-Hosoya polynomial of c
mP* is 

given by 









−

−+
−








−
−+

−+









−
−+

−++







−
+

=

1
419

4
1
411

)2(

1
423

)4102(
1
7

8),( *

n
k

n
k

km

n
k

km
n

kPC
c

mn

αα

αα

              







−
−+

−+−
1
415

)27(
n

k
km

α  

              







−

−+
−+−

1
47

)25(
n

k
km

α  

              







−
−+

−−+−
1
43

)22(
n

k
km

α , …(3.8) 

where 14,4 +=−= mpandkpα . 

Proof: We  consider two cases and 

partition )( *c
mPV in to A and B in which 

each vertex w  of A is of distance k 

from exactly four vertices; and each 

vertex w′ of B is of distance k from 

exactly eight vertices. 

Case (1): 433221 AAAAAAA ∪′∪∪′∪∪= , 

where  

},1,2,1;1,0:{ )(
1 mmiruA r

i +=== , 

}4;2,...,4,3;1,0:{ )(
2 ≠−=== kkiruA r

i , 

}4;4,...
,2,1;1,0:{ )(

2

≠+−

−−===′

kkm
mmiruA r

i , 

}42,52,...,2,1:{3 −−== kkivA i , 

}422,...,22,12:{3 +−−−==′ kmmmivA i , 

},{ 322324 +−−= kmk vvA . 

For each Aw∈  , there are four vertices 

each of distance k from w . For 

instance, each of 

vertices )1()0(
122 ,,, kkkk uuvv +  is of distance k 

from vertex 2,1, =ivi  . Also, each of 



 8

)1(
52

)0(
5294104 ,,, −−−− kkkk uuvv  is of distance k 

from 1,0,)(
2 =− ru r

k . 

If 1Aw∈ , then there are p-4k+3 vertices 

each of  distance more than k from w . 

Thus  

1

1

1

* ,
1

34
);,( Awfor

jnj
kPwC

n

j

c
mn ∈








−−

+








= ∑

−

−

α . 

                                                   …(3.9) 

If 2Aw∈ , say )(r
iuw =  , then there are p-

4k+11-4i vertices each of  distance 

more than k from )(r
iu . Thus  

2
)(

1

1

*)( ,
1

4114
);,( Aufor

jn
i

j
kPuC r

i

n

j

c
m

r
in ∈








−−
−+









=∑

−

−

α   

From Fig.3.2, one may notice that  

),,(),,( *)(
2

*)( kPuCkPuC
c

m
r

imn
c

m
r

in +−=  ,  

1,0,2,...,4,3 =−= rki , and therefore  the 

number of pairs ),( Sw , if 22 AAw ′∪∈ , 

such that kSwdn =),( , is given by: 














−

−+
−














−
−+

=







−−
−+








 ∑∑ ∑
−

=

−

=

−

−

1
411

1
415

2
1

4114
2

2

3

2

3

1

1

n
i

n
i

jn
i

j

k

i

k

i

n

j

α

αα

 




















−

−+
−








−

+
=

1
419

1
3

4
n

k
n

αα .   …(3.10) 

If 3Aw∈  say ivw =  , then there are 





−+−

2
434 ikp  vertices each of  distance 

more than k from iv . Thus  

 
3

1

1

* ,
1

2/434
),,( Avfor

jn
i

j
kPvC i

n

j

c
min ∈








−−

−+








= ∑

−

−

α . 

Also , from Fig.3.2, one may notice 

that  

42,...,2,1,),,(),,( *
2

* −== − kikPvCkPvC
c

mimn
c

min

,and therefore  the number of pairs 

),( Sw , 33 AAw ′∪∈ , such that kSwdn =),(  

is given by:  

   

 













−

−+
−














−

−+
=








−−

−+







 ∑∑ ∑
−

=

−

=

−

−

1
2/43

1
2/47

2
1

2/434
2

42

1

42

1

1

1

n
i

n
i

jn
i

j

k

i

k

i

n

j

α

αα

             ∑
−

= 


















−

−+
−








−
−+

=
2

1
1

43
1

47
4

k

i
n

i
n

i αα   

             



















−

−+
−








−

+
=

1
411

1
3

4
n

k
n

αα .…(3.11) 

If 4Aw∈  ,then there are p-8k+7 vertices 

each of  distance more than k from w. 

Thus  

4

1

1

* ,
1
474

),,( Awfor
jn

k
j

kPwC
n

j

c
mn ∈








−−
−+









= ∑

−

−

α   

 .…(3.12) 

Therefore, from (3.9)-(3.12), we get 

the number of pairs AwSw ∈,),( , such 

that ,),( kSwdn =  which is 




















−
−+

−







−
−+

+



















−
−+

−







−
+

+




















−

−+
−








−

+
+




















−

+
−








−

+

1
47

1
411

2
1
411

1
3

4

1
419

1
3

4
1
3

1
7

8

n
k

n
k

n
k

n

n
k

nnn

αααα

αααα

                  .…(3.13) 

Case (2): 321 BBBB ∪∪= , where  

}3,...,1,,11,0:{ )(
1 kmkkkiandruB r

i −++−=== , 

}222,...,22;2,22:{2 +−+−== kmkkkivB i , 

}122,...,32;12,12:{3 +−++−== kmkkkivB i
 

For each Bw ∈′  , there are eight vertices 

each of distance k from w′ . For 

instance, vertex )1,0(,)(
1 =− ru r

k  is of 

distance k from each of the eight 
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vertices

8474
)1(

42
)0(

42
)1(

2
)0(

2
)1(

1
)0(

1 ,,,,,,, −−−− kkkk vvuuuuuu . 

If 1Bw ∈′ , then there are p-8k+15 

vertices each of  distance more than k 

from w′ . Thus  

1

1

1

* ,
1

4158
),,( Bwfor

jn
k

j
kPwC

n

j

c
mn ∈′








−−
−+









=′ ∑

−

=

α

               . …(3.14) 

If 2Bw ∈′ , then there are p-8k+7 

vertices each of  distance more than k 

from w′ . Thus  

2

1

1

* ,
1

478
),,( Bwfor

jn
k

j
kPwC

n

j

c
mn ∈′








−−
−+









= ∑

−

=

α   

      .…(3.15) 

If 3Bw ∈′ , then there are p-8k+3       

vertices each of  distance more than k 

from w ′ . Thus  

3

1

1

* ,
1

438
),,( Bwfor

jn
k

j
kPwC

n

j

c
mn ∈′








−−
−+









=′ ∑

−

−

α  

. …(3.16) 

Therefore, from (3.14),(3.15) and 

(3.16) we obtain the number of pairs 

BwSw ∈′′ ,),( , such that ,),( kSwdn =′  

which is 














−
−+

−













−

−+
−++




















−

−+
−








−

−+
−+

1
47

1
415

)23(

1
415

1
423

)4102(

n
k

n
k

km

n
k

n
k

km

αα

αα




















−

−+
−








−

−+
−++

1
43

1
411

)22(
n

k
n

k
km

αα .  

                 …(3.17) 

Hence from (3.13) and (3.17)we obtain 

),( * kPC
c

mn , 



≤≤

2
4 mk ,as given in (3.8).  

Proposition 3.5: For 143 +=≤≤ mpn , 

7≥m ,  

 

   



















−

+−
+








−

+−
−









−

+−
=+






1
122/84

1
42/84

4

1
42/44

8)1
2

,( *

n
mm

n
mm

n
mmmPC

c
mn

        
   

  R
n

mm

n
mm

mm

+













−

+−
−














−

+−
−++

1
82/84

1
162/84

)2/462(

, 

   ...(3.18) 

where     















−

+







−=

oddismifzero

evenismif
nnR

,

,
1

8
1

4
2                    

Proof: As in the proof of Proposition 

3.4, we partition the vertices of c
mP*  in 

to A and B . If  33221 AAAAAw ′∪∪′∪∪∈ , 

the number of pairs ),( Sw  such that 

1
2

),( +



=
mSwdn  are obtained from (3.9) 

, (3.10) , and (3.11). If m is even then 

there are only 1−mv  and 1+mv  such that 

1
2

),(),( 11 +== +−
mSvdSvd mnmn , and 









−

=+=+ +− 1
4

)1
2

,,()1
2

,,( *
1

*
1 n

mPvdmPvC
c

mmn
c

mmn

.  

If m is odd there is no vertex w  in 4A  

such that 

2
31

2
),( +

=+



=

mmSwdn . 

If 1Bw∈ , the number of pairs ),( Sw such 

that 1
2

),( +



=
mSwdn  is obtained from 

(3.14) by putting 1
2

+



=

mk  . For m 

even only, there is one vertex of 2B , 
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namely mv , such that   1
2

),( +=
mSvd mn , 

and 







−

=+
1

8
)1

2
,,( *

n
mPvC

c
mmn . 

Moreover, there is no vertex w  of 

}{32 mvBB −∪  such that 

1
2

),( +



=
mSwdn . 

Simplifying the result mentioned 

before we obtain (3.18).  

Proposition 3.6: For 143 +=≤≤ mpn  , 

7≥m  ,  

   








−

−−
−








−

−
=+





1

42/84
4

1
2/44

8)2
2

,( *
n
mm

n
mmmPC

c
mn  

                    















−+

oddismifzero

evenismif
n

,

,
1

8
2 .  

                          …(3.19) 

Proof: When 2
2

+



=
mk , and 

221 AAAw ′∪∪∈  we have the same results 

obtained Case (1) of the proof of 

Proposition 3.4.  

Now  we consider 

}2)
2

(2,...,2,1:{ −



−==

mmivD i , and 

}2
2

2,...,22,12:{ +



−−==′ mmmivD i . 

Then there are 



−+

2
43 i

α  vertices each 

of  distance more than  2
2

+



 m  from 

Dw∈ ,where 8
2

4 −



−=

mpα  . Thus  

  ,
1

2/434
)2

2
,,(

1

1

* ∑
−

−








−−

−+








=+





n

j

c
mn jn

i
j

mPwC
α  

Dwfor ∈ . 

Hence 

 

 

  

∑ ∑

∑
−

=

−

−

−

=









−−

−+








=

+






)12/(2

1

1

1

)12/(2

1

*

1
2/434

)2
2

,,(

m

i

n

j

m

i

c
min

jn
i

j

mPvC

α
 

 

∑ ∑
−

=

−

−








−−
−+









=

12/

1

1

1
1

434
2

m

i

n

j
jn

i
j

α  

 

∑
−

= 


















−−
−+

−







−−
−+

=
12/

1
1

43
1

47
2

m

i
jn

i
jn

i αα  









−

+
=




















−

−







−

+
=

1
3

2
1

0
1
3

2
nnn
αα . 

Since

,)2
2

,,()2
2

,,( *
2

* +



=+





−
mPvCmPvC

c
mimn

c
min  

)1
2

(2,...,2,1 −



=
mi , and therefore  the 

number of pairs ),( Sw , DDw ′∪∈ , such 

that : 

 2
2
m)S,w(dn +



=  is given by  









−
+α

1n
3

4 . 

Finally from Fig.3.2, we notice that 

evenismr
n

mPuC
c

m
r

mn ,1,0,
1

8
)2

2
,,( *)(

1
2

=







−

=+





+

 

This completes the proof.  

Proposition 3.7: For 143 +=≤≤ mpn , 

nkm
δ≤≤+



 3

2
, 7≥m ,then the coefficient 

of kx  in the n-Hosoya polynomial of 
c

mP* is 









−
+

=
1
7

8),( *
n

kPC
c

mn
α ,     …(3.20) 

where kp 4−=α . 

Proof: We  assume that 

33221 FFFFFF ′∪∪′∪∪=  ,where  

},1,2,1;1,0:{ )(
1 mmiruF r

i +=== , 
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}3,...,4,3;1,0:{ )(
2 +−=== kmiruF r

i , 

}1,...,2,1;1,0:{ )(
2 −−−===′ kmmiruF r

i , 

}2)(2,...,2,1:{3 +−== kmivF i , 

}22,...,22,12:{3 −−−==′ kmmivF i . 

For each Fw ∈′′  , there are four 

vertices each of distance k from w ′′ , 

13
2

−≤≤+





nkm
δ .  

If 1Fw ∈′′ , then there are p-4k+3 

vertices each of  distance more than k 

from w ′′ . Thus  

1

1

1

* ,
1

34
),,( Fwfor

jnj
kPwC

n

j

c
mn ∈′′








−−

+








=′′ ∑

−

=

α .

                 …(3.21) 

If 2Fw ∈′′ , then there are p-4k+11-4i 

vertices each of  distance more than k 

from w ′′ . Thus  

2

1

1

* ,
1

4114
),,( Fwfor

jn
i

j
kPwC

n

j

c
mn ∈′′








−−
−+









=′′ ∑

−

=

α

     .…(3.22) 

If 3Fw ∈′′ , then there are 



−+−

2
434 ikp  

vertices each of  distance more than k 

from w ′′ . Thus  

 
3

1

1

* ,
1

2/434
),,( Fwfor

jn
i

j
kPwC

n

j

c
mn ∈′′








−−

−+








=′′ ∑

−

=

α

     .…(3.23) 

Since ,),,(),,( *)(
2

*)( kPuCkPuC
c

m
r

imn
c

m
r

in +−=  

1,0,3,...,4,3 =+−= rkmi , and  

,),,(),,( *
2

* kPvCkPvC
c

mimn
c

min −=  

2)(2,...,2,1 +−= kmi . 

Therefore  the number of pairs ),( Sw , 

Fw∈ , such that kSwdn =),( , 

13
2

−≤≤+





nkm
δ  , is given by: 

∑
+−

= 


















−

−+
−








−

−+
+




















−
+

−







−
+ 3

3
1

411
1

415
2

1
3

1
7

8
km

i
n

i
n

i
nn

αααα

   ∑
+−

= 


















−−

−+
−








−−

−+
+

2)(2

1
1

2/43
1

2/47
2

km

i
jn

i
jn
i αα  




















−

−







−

+
+




















−

+
−








−

+
=

1
0

1
3

4
1
3

1
7

8
nnnn

ααα   









−

+
=




















−

−







−

+
+

1
7

8
1

0
1
3

4
nnn
αα . 

Finally , we note from Fig. 3.2, that 









−

=
1

4
8),( *

n
PC n

c
mn δ . 

This completes the proof.   

Remark 2: 

1. 3,
1

4
8)1,( * ≥








−

=+ m
n

mPC
c

mn . 

2. 







−

−







−

=
1

4
4

1
8

10)4,( *
4 nn

PC
c

n . 

3. .
1

4
4

1
8

4
1

12
12)4,( *

5 







−

−







−

−







−

=
nnn

PC
c

n  

4. 







−

−







−

=
1

12
4

1
16

14)4,( *
6 nn

PC
c

n  

                     







−

−







−

−
1

4
2

1
8

5
nn

. 

5. 5,
1

8
8),( * ≥








−

= m
n

mPC
c

mn . 

6. 







−

−







−

+







−

=
1

4
4

1
8

2
1

12
8)5,( *

6 nnn
PC

c
n  

From Propositions (3.2)- (3.7), and 

Remarks 1 and 2 , we obtain the next 

theorem . 
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Theorem 3.8: For c
mP* of order 

2,14 ≥+= mmp , and for pn ≤≤3 ,the n-

Hosoya polynomial of c
mP* is 

∑
=

=
n

k

kc
mn

c
mn xkPCxPH

δ

0

** ),();( , 

where  nδ  is the n-diameter of c
mP*  

given in Proposition 1 , and 









−
−

=
2
1

)0,( *
n
p

pPC
c

mn , 









−
−

+−







−
−

−−







−
−

=
1
2

)1(2
1
5

)12(
1
1

)1,( *
n
p

m
n
p

m
n
p

pPC
c

mn  

, and )2,( *c
mn PC , )3,( *c

mn PC , are 

respectively (3.1) , (3.2), and ),( * kPC
c

mn , 

nk δ≤≤4  is given in Propositions (3.4) - 

(3.7). 

Corollary 3.9: For c
mP*  of order 4m+1, 

we have  

.)2(16)1(12

)13(3)15()14();(
1

4

3

2*

∑
+

=

−++−+

−+−++=
m

k

k

c
m

xkmxm

xmxmmxPH
 

Proof: For n=2, we have 

),(}){,(}){,( 22 vuduvdvud == . 

Thus );( * xPH
c

m  is obtain from 

Propositions (3.2)-(3.7) and Remarks 1 

and 2 by putting n=2 and dividing by 

2. From Corollary 3.9 , we note that 

the sequence δ,...,1,0,)),(( * =kkPC
c

m  is 

strong-unimodal, ,5>m since there is 

index h=4, such that 

).1,(...)5,()4,(

)3,()2,()1,()0,(

***

****

+>>>

><<<

mPCPCPC

PCPCPCPC
c

m
c

m
c

m

c
m

c
m

c
m

c
m  

Hence , the sequence 

1,...,1,0,)),(( * += mkkPC
c

m , ,5>m  is 

neither palindromic nor semi-

palindromic. 

Corollary 3.10: The Wiener index of 

thorn saw graph c
mP*  of order 4m+1, is  

)1137(
3

3
16)( * +−







 +
= m

m
PW

c
m . 

Proof: By taking the derivative of the 

Hosoya polynomial of  c
mP* of order 

4m+1 determined in the Corollary 3.9, 

with respect to x and then putting x=1, 

we have 

)1137(
3

3
16)( * +−







 +
= m

m
PW

c
m . 
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