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ABSTRACT

In this paper, the form of a general solution to certain general nth-order linear differential
equations of constant coefficients of the form

Zn‘,ﬂnjﬂjaj +(njjlja""b}y("‘” = f(x) )
i—0

is established .
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1. INTRODUCTION

The problem of finding a general solution of the nth-order linear differential equation of
constant coefficients L[Yy]= f, was considered by Ardaletova and Kydraliev [1] by defending an

equivalent differential operator M (y) = f . Richard and his colleagues [2] have considered a specific

type of the same equation by using different technique, and have given the form of a general solution.
Here we are using the same technique given in [2] to find a general solution form to equation (1).

2. MAIN RESULTS

In this section we have introduced our main results.

Theorem (1)

A general solution to equation (1) where n is a positive integer, a and b are constants, is given

by.
y= e’axj(...(...J'e“”b)X (IebX f(x)dx)dx)...)dx @)
Proof:
Since equation (1) can be written as
1 A . nl/n-1\ .
R U
i=0 j=0
So, it has

ni(njljajy(”‘j“) = e‘bxjebxf(x)dx (4)
j=0
as a general solution. Now, we shall use induction on n, to show that (2) is true.
For n=2, equation (4) is reduced to
y' +ay = e‘bxj'ebx f (x)dx 5)

Hence, equation (5) has



yzeiwje®mkqemf(XMXbX ©)

as a general solution . Let the result be true for the integer n, and that
n
Z( Jalyry ‘bXJ.ebX f(x)dx (7)
j=0

Now (7) can be written as
!

n-1 N1 nor\ )
(Z[ J)a y(n-i IJ +a(2( jljajy(”"“)j:e‘bxfebxf(x)dx (8)
=0 =0

and from the case N =2, a general solution of (8) may be given by
n-1 /n-1 i i
Z( j ja‘ y (i) = g Ie(a‘b)x(jebx f (x)dx)dx. 9)
j=0

Using induction hypothesis, we have

=™ J (j (...(je(a‘b)x qebx f (x)dx)dx)...)jx)dx

as a general solution of (7) . This completes the proof.

The following corollary deals with the homogeneous case and it arises naturally from the
theorem (1).

Corollary (1) Let a and b be constants, a#b, then a general solution of the following homogeneous

equation
Z{(_ja +(]—1) b}y(”‘”zo, (10)
j=0
is given by,
ce
=—1 4+ Y ¢c.x" (11)
V=G e &S
Proof

To prove the result, we must show that (10) satisfies (9). For this, multiply (10) by e we
have

ela-
e™y = (C nl+Zcx : (12)

Taking (n - 1) derivatives of (12) one can easﬂy have
-1
(eax y)ﬂ _ Cle(a—b)x, (13)

using (13), we have,

Cle(a—b)x _ n_l(njlj(eax )(J) n-1-j) e < 1( j (n- l—j)’ (14)

=0

or



n-1 /n-1 . i
ce™ = Z( jja‘y(””). (15)

J =
Differentiate in (15), we have

n-1 /n-1 . . n_ /n-1 . i
—bee™ = Z( i}a‘y(”‘” = Z[ Jja’y(”‘” =Asay, (16)

j=0 j=0
Using the fact that

n n-1

n-1 /n-1 . i n n-1 i ) . .
z( j jal y(n—l—J) _ [J _ljaj—ly(n—l) _ Z(J —lja“ly(”“). (17)

j=0 j=0 j=0

Hence, we have,

n n-1 . .

cbe™ = Z(j —1)a"1b y) = B, say (18)
j=0

Equation (15) has been used. Now, from (16) and (18) we have,

n n-1 ) n-1 ) )
ZK jjaJ +(j —lja“lb}y(”“) =0.
=0

This completes the proof.

REMARK: We remark that the relation between the coefficients of the second and the third
term of (1) may be used to identify the problem under consideration is either of type (1) or not.
These relations are given by

(ni2ja2—(n—l)mla+m2 =0 (19)

And
b=m, —(n-1)a

We can end this article by the following example

Example:
Find a general solution of
4 7 1
"r—y'+—y' +—y=0 20
y 3 y 2 y 2 y (20)

Solution
4 7
Here, m; =—,m,—,and n=3.
3 12

Substituting these quantities into equation (19), we get

3a2—Sas L 0. (21)
3 12
This implies that
1 7 1 5 .
a = ES or TR and consequently b = gorg ,respectively. Now for

a=—and b= %, equation (19) can be written as



!

y!!+y!+ly +l y!!+y!+ly _0
4 3 4 ’
and therefore, a general solution of (19) may be given by

1 1
—=X ——X

y=ce?® +e 2 (c,x+c,).
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