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Abstract— Multiset table algebra is considered. The notion of a table specified using the notion of a multiset (or bag). A signature of
multiset table algebra is filled up with new operations such as inner and outer joins, semi-join and aggregate operations. A formal
mathematical semantics of these operations is defined. The special element NULL is inserted in the universal domain for a define of the

outer join.

Keywords—relation databases; multiset table algebra; inner joins; outer joins; semi-join, aggregate operations

. INTRODUCTION

There are many applications the most peculiar feature of
which is multiplicity and repeatability data. For example,
these are sociological polls of different population groups,
calculations on DNA and others. Commercial relational
database systems are almost invariably based on multisets
instead of sets. In other words, tables are in general allowed to
include duplicate tuples. For example, the data model of SQL
is relational in nature, as well as the relevant operations.
However, unlike relational algebra, the tables manipulated by
SQL are not relations, but, rather, multisets. The reason for
this peculiarity is twofold. First, this is due to a practical
reason: since SQL tables may be very large, duplicate
elimination might become a bottleneck for the computation of
the query result. Second, SQL extends the set of query
operators by means of aggregate functions, whose operands
are in general required to be multisets of values.

The relational model is based on the sets of tuples, i.e. it
does not allow duplicate tuples in a relation [1]. So, naturally
there is a need to expand possibilities of relational databases
due to use of multisets. This problem was also considered in
[2-5]. However this question requires specification and
extension because in the specified works the due attention isn't
paid to operations of inner and outer joins, semijoin and
aggregate operations of multiset table algebra.

Il.  MULTISET: BASIC DEFINITIONS

Let’s introduce the basic concepts of multisets in terms of
monograph [5].

Definition 1. A multiset « with basis U is a function
a:U— N", where U isan arbitrary set, N" ={1,2,...} is the
set of natural numbers without zero.

Let D be a universe of element of multiset bases, and then
power set P(D) — a universe of multiset bases. Let « be a
multiset with basis U, =dome . Here dome is the range of
definition of multiset as a function.

Definition 2. A characteristic function of multiset « is a

function y, :D — N, the values of which are specified by the
d)if d edome,
following piecewise schema: y,(d) = {g(elze' < “ for

all deD.

Definition 3. An empty multiset &, is a multiset a
characteristic function of which is a constant function, value
of which is everywhere equal zero.

Definition 4. A rank of finite multiset « is a sum of
duplicate elements of its basis || = D a(d); wherein

dedoma
[@n]|=0-
Let’s introduce a binary relation inclusion over multisets.

Definition 5. Multiset £ is included in multiset «
(B=a), if U,cU, &vd(deU, = g(d)<a(d)). Directly
from definition follows that this relation is a partial order.

The 1-multisets are the multisets whose range of values is
an empty set or a single-element set {1}. These multisets are
the analogues of ordinary sets.
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The operations over multisets are defined in terms of
characteristic functions in monograph [5]. There are
operations of multiset union U,,, intersection (1,,,

difference \,, , which build multisets of general view. The
Cartesian product of multiset ®, the operation Dist(«x),

which build 1-multiset, and analog of a full image for
multisets are defined too.

1. MULTISET TABLE ALGEBRA: BASIC DEFINITIONS

Among the two sets that are considered, A is the set of
attributes and D is the universal domain.

Definition 6. An arbitrary (finite) set of attributes R< A
is called the scheme.

Definition 7. A tuple of the scheme R is a nominal set on
pair R, D. The projection of this nominal set for the first
component is equal to R .

The set of all tuples on scheme R is designated as S(R)
and the set of all tuples is designated as S .

Definition 8. A table is a pair (y,R), where the first

component i is an arbitrary multiset basis of which @(y) is

an arbitrary set (in particular infinite) of tuples of the scheme
R and other component R is a scheme of table.

Thus, a certain scheme is ascribed to every table. The set
of all table on scheme R is designated as W(R) and the set of

all table is designated as ¥ = J¥(R).
R

The notation Occ(s,y) denotes the number of duplicate
tuple s in the multiset y . Let's agree a multiset to write down
as {s*,...s*} where n =0Occ(s,y), i=1..k, and

O®y) ={s,,....5.} is a basis of the multiset y .

Definition 9. The multiset table algebra is the algebra

<‘P,QP’5>, where ¥ is the set of all tables,
Qpz = s iu’\iu-ap,w”x,wR1®R2’Rt5,Rv~R}f<€,:,€iing is

the signature, P, Z are the sets of parameters.

The operations of signature Q, _ are defined in [6].

IV. THE ADVANCED OPERATIONS

The advanced operations include inner and outer joins,
semijoin, aggregate operations.

A. Inner Joins

There are four kinds of inner join operations Cartesian
join, natural join, join using attributes A,...,A, and join on
predicate p. Let’s define them.

Definition 10. The Cartesian Join of table on scheme R;
and table on scheme R,, moreover R MR, =, is a binary

operation Cj of the form
Ry.Ry

Cj :P(R)x¥Y(R,) > YR UR,),
<‘V1! R1> RC!; <W21 R2> = <l//‘1 R U R2> , Where <'//11 R1> e¥(R),

<‘//2' R2> e¥(R,).

The basis of the multiset ' is defined by follow:
O(y') = {s]3s,3s,(s, € O;) AS, €O(w,) As=5s,Us,)}. The
number of duplicates is given by the following formula:
Occ(s,y") =Occ(s,,w;) - Occ (S,,w,), Where se®(y') and
s=s,Us,.

parametric

Definition 11. The Inner Natural Join of table on scheme
R, and table on scheme R, is a binary parametric operation

written as R@% , whose value is the table on scheme R, UR,
1,12

consisting of all the unions of compatible tuples of input
tables. Hence, R@F)z Y(R)x¥Y(R,) > ¥(RUR,),
1,72

<'//1’R1> ® <‘/’2’R2>:<‘//'1 R1UR2>, v, € ¥(R),

Ri.Ry

y,€¥(R,).

In other words, each tuple of y, is paired with each tuple
of y,, regardless of whether it is a duplicate or not. The basis
of the multiset ' is defined by follow:
O(y') =1{s| 35,35, (51 € OW1) A5, € Oy2) Sy =5, AS=5,Us,)}-
The number of duplicates is given by the following formula:
Occe(s, Us,, ") =0cc(s,, ;) -Occ (S,,v,), Where s'e O(y')

and s'=s Us,. The relation ~ is a binary relation of
dif
compatibility of tuples s, =s,<s,|R=s,|R and s;|R is the

restrictions of tuple S; on the scheme R [5].

where

The Inner Join using A,...,A, of table on scheme R; and
table on scheme R,, moreover RlﬂRzz{Ai,...,Aj}, is a

binary parametric operation of the form
® YR)x¥Y(R,)—>Y¥YRUR,),

ek (R)x¥(R,) (RUR,)

(1), 8, vk =ly RUR,)

<‘/’1’ R1> e¥(R), <‘//2! R2> e¥(R,).

Moreover all A,...,A, are pairwise different, n>1, and
R.NR,={A,..,A/}. If input tables have also other general
attributes which differ from A,...,A,, before join they needs
to be renamed.

The basis of the multiset ' is defined by follow:
O(y') ={s|3s,3s,(s, € Oy1) AS, €O(y) A
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A _/ixlsl(Ai) =s,(A)Ars=s,Us,)}. The number of duplicates is
given by the following formula:
Occ(s,y") =0cc(s,,v,) - Occe (S,,w,), where se®(y') and
s=s,Us,.

Let p:SxS S{true, false} be a partial binary predicate

on the set of all tuples S such  that
V51VSZ(<51, s,)edomp A p(s;,s,) =true =, ~ 5,).

Definition 12. The Inner Join on predicate p of table on
scheme R, and table on scheme R, is a binary partial

parametric operation of the form
) S?Rz "Y(R)xP(R,) > Y(RUR,y),
<‘//1! R1> p,lg?R2<l//2’ R2> = <‘/’In R U R2> .

The range of definition of this operation is

dom ® ={{(y1,R). (w2 R,))|O(y1) x O(y,) < dom p}.

PRy
The basis of the multiset ' is defined by follow:
O(y') ={s|3s3s,(s, € O(y1) A'S, €O(y,) A P(sy,S,) =true n
Ars=s,Us,)} and = is a generalized equality (strong

Kleene’s equality) [7]. The number of duplicates is given by
the following formula:

Occ(s, Us,, ") =0cc(s,, ;) -Occ (S,,17,), where s'eO(y')
and s'=s, Us,.

’

Let's note the following obvious fact. The join R®R is
1,12

extension of another arbitrary inner join operation in the
following sense:

(b R) Cé (. R,) =(tR) ® (t,R,)

Ri.Ry Ri.Ry

<t1!R1> ® <t2’R2> :<t1' R1>R§2<t2'R2> '

A, Ay R1LRy

[(rl, R), @ (b R2>jl c ((g, R),8 (b R2>) :

1R 1

The values of these operations in the left parts of these two
equalities and inclusion must be defined.

Definition 13.The Semi-join of table on scheme R, and
table on scheme R, is a binary parametric operation written as
X g, Whose value is the table on scheme R, containing
tuples of the first table which are included in the inner natural
join of input tables. Thus, xg . :'P(R)x¥(R,) >¥(R),
<‘/’1: R1> YRR, <‘//2’ Rz> = <'//I1 R1> ,  Where <l//1, R1> e¥(Ry),

(v, R,) € W(R,) . The basis of the multiset v is defined by

follow:  ©(y') ={s,|s, € O(y1) ATs, (S, €O(y,) AS, =5,)}

(¢, R))1 is the first component of the pair (t,R), i.e., is the
set t.

The number of duplicates is given by the following formula:
Occ(s, ') =0cc(s, ;) , where s e O(y') .

B. Outer Join

We can lose information when using the inner join
operations because the tuples which are not compatible will
not be represented in the output table. The outer join
operations use when it is necessary to consider the tuples of
input tables which didn't get to result of the inner join
operations.

Let NULL be a special element of the universal domain
D. NULL used to denote absent values in the output table.

Let sy be a constant tuple on scheme R, ie.
Seauw - R—=>{NULL}.

There is one logical scheme for definition of the outer join
operations [5].

Let ¢:¥(R)x¥(R,) >W¥(R,UR,) be some partial
binary operation on the set of all tables and

(¢7(<‘//1’ R1>’ <‘/’2’ R, >))lf[<§//1v R1> R?%}‘/’zv Rz>)
<<l//11 R1>1<l//2l R2>> edomg.

Let's notice that the operations Cj , ® |, ® ,
Ri,R; RuRz  AueoAnRiRy

for all tables
1

® are such.
p.R1.Ry

We fix two tables (y;,R)), (w,,R,) from range of
definition of the operation ¢ .

Then the table (yy,R,) takes the following form

(V1. Ry) =<'//1fq']t//2, R1>U5iﬁ. <W1;‘//21R1>-

Consider the table <yxlﬂl//z,R1>=<z//',Rl>. The basis of
[

the multiset v' is defined by follow:
O(y") ={s,|s, € O(y;) A3s,(s, € Oy,) A

s Us, e G)(((;)((y/l, R ) (v, R2>))1))}. The number of
duplicates is given by the following formula:

Occ(s,, ') =0cc(s;,y;) , where s, e O(y') .

Consider the table <1//1—z//2,R1>:<1//",R1>. The basis of
P

the multiset " is defined by follow:
O(y") ={s, [, € O(y;) A Vs, (s, € Oy,) =

=5 Us, e @(((/)(<l//1, R (v, R2>))1))}. The number of
duplicates is given by the following formula:

Occ(s,,w'") =0cc(s,,w,) , where s, e O(y"").
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In other words, the tuples of the table <l//1ﬂ!//2, R1> are
4

used in formation of result of the join operation, and tuples of

the table < V/Z,R> are not used.

We obtain a representation of the table (y/,,R,) replacing
the roles of the tables (y;,R,) and (y,,R,) in the presentation
of the table (y,,R)).

Let's notice that if the operation ¢ coincides with the

operation R®R then the table <l//lﬂl//2,R1> is the semi-join of
1,12 4

<(//1, R1> and <y/2, R2> , ie.

<w1f;w2, R1> = (w1, R) X g 5, (W2, R,).

the tables

There are four kinds of the outer joins operations which
are induced of the inner join operation ¢ : outer left join, outer

right join, outer full join and union join. Let’s define them.

Consider  the  following  inner  natural

<V/1 Vo R1> <{SR2\R1 o 3 R R1> <l//', R U R2> ’
o) ={s,U SRZ\Rl,NULL |s, € Oy, ;‘//2)}1

joins
where

Occ(s', ') =Oce(s,, v, ;l//z) , €Oy, s'=s,U Sle\Rl,NULL

and <‘//2 ;‘/’11 R2>R FR <{SR1\R2 wi b RAR > <l//”, R U R2> !
where o) :{isl\RZ,NULL Us, [s, €O(y, ;‘//1)}:
Occ(s",y") =0cc(s,, v, ;%), s"'eO(y"),
"= S%el\Rz,NULL U S, -

Definition 14. The Outer Left Join operation is a partial
binary operation of the form
o P(R)x¥(R,) > ¥P(R UR,), where domg, =dome and

D (<‘//17 R1>v<l//2’ R2>): (P(<‘//1’ R1>1<‘//2! R2>)UF§|&JRZ
UFz\ll%JRz < W, R1> Ry Ry \Ry <{SR2\R1 o b Ro \R1>

Definition 15. The Outer Right Join operation is a partial

binary operation of the form
o, - P(R)xP(R,) > ¥(R,UR,), where domg, =dome
and Dr (<l//1’ R1>,<l//2, R2>): ¢(<‘//1' R1>: <'/’21 R2>)UF/§1IL|JR2
UillPRz < —V1 R2> Rz,(R?\Rz <{is1\R2,NULL}1 R\ R2> .

Definition 16. The Outer Full Join operation is a partial
binary operation of the form
o "P(R)x¥(R,) >Y¥(R,UR,), where domg, =dome

and P4 (<‘//11 R1>’ <'//27 R2>): (/’(<‘//1' R1>’ <'//2’ R2>)U'}|%JR2

UF/:IMUR2 <W1 ;V/Z' R1> ® <{S%{2\R1,NULL}’ R\ R1> UF/ill%JRz

Ri.R\Ry

UF,;#RZ < —VY1 R2> ®

Ry,Ri\Ry

<{S]};{1\R2,NULL}7 R \ R2> :

Definition 17. The Outer Union Join operation is a partial
binary operation of the form
@, Y(R)x¥Y(R,) > ¥(R,UR,), where domg,=domg

and (PU(<'//1: Rl>v<l//21 R2>):

R,UR

<W1 Va, R1> I?\R <{S]Ii2\R1,NULL}v R, \ R1> Ui
1' 2 'V

Ui\llLljR2 <‘//2 —Y1, R2> ®

@ R\R

R2.Ri\R,

<{SR1\R2 nuLL Ry R2>

C. Aggregate Operations

The five types of aggregate operations discussed in this
article are SUM, AVERAGE, MAXIMUM, MINIMUM,
COUNT. The aggregate operations transform a finite table
into a table with single tuple and single attribute.

Consider the table (y,R)eW(R), where v is a finite
multiset and A< R. Let «, be a multiset of column with

attribute A of table (,R) which contains all elements
including duplicates.

Then O(a,) ={d |Is(s e O(y) A(A d) e5)}=

={d |{<A,d>}e®((;r{A}‘R(<y/,R)))l)} is an analogue of active
domain of the attribute A [5]. The number of duplicates of
element de®(e,) is given by the following formula:

t,(d) = Oco({{ A d 1 [z (v, RY)) = D Oce(s 1) .
Zfi’)%”
Let 20 ={a|®(a,)€2” be a family of all multisets,
bases of which are the finite subsets of the set D'. Here
D'c D is a subset of the universal domain.

Let Num is a numerical subset of the universal domain D
that is closed under addition. Extend the set Num by the
special element NULL. We will not extend the operation of
addition to the case where at least one of the arguments is
NULL.

Let’s define the aggregate operations. At first the five
aggregate functions — count, sum, average, maximum,
minimum — are defined on a finite multiset and then these
functions are transferred to the tables.

Definition 18. The aggregate operation Sum,. by the

attribute A of the finite table on scheme R, AeR, is a
unary parametric operation of the form
Sum,p :¥(R) > Y({A}),
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where

sum, o ((w.R))= <{{<A, Sum(aA)>}l},{A}> b
(w,R) e ¥(R). The Sum(c,) function is applied to a column
with attribute A in the table (i, R), the result obtained is the

sum of every value occurrence in «,. In addition, NULL

values don’t undertake in attention and it is assumed that the
column contains only data of numeric type.

Thus, Sum: 2™ — Num,

NULL if ©(a,) =2;
Sum(ers) =4 NULL if ®(ars) ={NULL};

D da(d)if ©(as) \{NULLY# 2.
de®(ary) {NULL}

So, we have Sum({NULL"}) = NULL ,

Sum({ }) Zd n, if all elements d;, i=1k, differ

from NULL .
In the case of the empty table (y,,R) we have

sums (v )=l NULLIF 0. ere v, =2,
Example 1. Let (y,R) be the table of Fig 1. Then

sum,i (v R))= ({a8)f ).

sum, (v R))=({(5.6)F j¢23).

SuvaR(<w,R>):<{{<C,6>}l},{6}>. In Fig. 2, Fig. 3 and Fig. 4
reactively, we see the tables SumAvR(@/, R)) SumB,R(@/, R))
SumC,R(@/, R))

A B|C
NULL |0 |3

2 1)1

2 1)1

2 1)1

2 3 | NULL

Fig. 1. Table (y,R)

@ |

Fig. 2. Table SumAYR«y/, R>)

® The top index 1 specifies that the table include the tuple
{(A Sum(a,))} only once, ie. {{{A Sum(a,))¥} is {1}
multiset.

(6]

Fig. 3. Table SuvaR(@/, R))

Fig. 4. Table SurTm((gz/,R))

Let < be a linear order on the universal domain D .

Definition 19. The aggregate operation Min,. by the
attribute A of the finite table on scheme R, AeR, is a

unary parametric operation of the form
Miny g 1 ¥ (R) > Y({A}),
Min, o (1, R))= <{{<A, Min(aA)>}l},{A}> , where

(w,R)eW(R). The Min(a,) function is applied to a column
with attribute A in the table (i, R), the result obtained is the

minimum value among values of «,. In addition, NULL

values don’t undertake in attention.

Thus, Min: 2> — D,

NULL if ©(a,) =2;
Min(et,.) = { NULL if ©(ct,) ={NULL}:
min{d | d € ©(cr,) \{NULL}}if ©(a,)\{NULL} = .
We have Min(<,,) =NULL,
Min((d?,....d™ )= min{d,....,d,}
=1k , differ from NULL .

Min({NULL"}) = NULL ,

if all elements d;,

In the case of the empty table (y,,R) we have
Min (v )= (A NULL)F L 03)  pere yr, =5,
Example 2. Let (y,R) be the table of Fig 1. Then
win (v R))=({(A2)} ).
win, (v R))=([(B.0)} }53).
i« (vR)= (fc) )

Definition 20. The aggregate operation Max, . by the
attribute A of the finite table on scheme R, AeR, is a

unary parametric operation of the form
Max, . : '¥(R) > Y ({A}),
Max, q ((w, R))= <{{<A Max(aA)>}l},{A}> : where

(w,R)e W(R). The Max(a,) function is applied to a column
with attribute A in the table (i, R), the result obtained is the

maximum value among values of «,. In addition, NULL
values don’t undertake in attention.
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Thus, Max:2> —D,

NULL if O(a,) =2;
Max(er,) = NULL if ©(a,) ={NULL};
max{d |d € ®(cr,) \{NULL}}if ©(crp) \{NULL} % 2.
We have Max(<,,)=NULL,
Max({dl”l,...,d;‘k }): max{d,,...,
i =1k, differ from NULL .

Max({NULL"}) = NULL ,

dJ} if all elements d

In the case of the empty table (y,,R) we have
Max, s (v, R)= ( (A NULL)F (A3)  here 1, =5,

Example 3. Let (y,R) be the table of Fig 1. Then
Ma, (v R)=( (A2} £a3).
v, (. R)= (3.3} 53).
vax. o (v )= ({(ca) Hey).

Definition 21. The aggregate operation Count,. by the
attribute A of the finite table on scheme R, AeR, is a

unary parametric operation of the form
Count,, :¥(R) - Y({A}),
Count,, (v, R))= <{{<A Count (aA)>}1},{A}> : where

(w,R)e¥(R). The Count(a,) function is applied to a

column with attribute A in the table (w.R), the result

obtained is the count of all values of «, which differ from
NULL .

Thus, Count:2) —N, Count(a,)= Y a,(d). Put

de®(ap){NULLY
by definition that the sum of an empty set of elements is equal
to zero.

So, we have Count(d,)=0, Count({NULL"})=0,

Count({dl"l,...,d;‘k}):n1+...+nk if all elements d,, i=1k,
differ from NULL .

In the case of the empty table (y,,R) we have
Count, (v R))= ([ A0)} }£3) . here v, =2,

Example 4. Let (y,R) be the table of Fig 1. Then
Count (i, RY)=({{ma)} o)
count, (v R)=({(5.5)) }1).
count (v, R))=(f{c 4} Jc).

We assume that a numerical subset Num of the universal
domain D is closed under the (partial operation) division
operation /:NumxNum = Num. We will determine the
division operation so that when the first argument is equal to
NULL the function accepts value NULL .

Definition 22. The aggregate operation Avg,. by the
attribute A of the finite table on scheme R, AeR, is a

unary parametric operation of the form
Avg, s 1 Y(R) > Y({A}),
AVgA,R(<W’ R)): <{{< A Avg(aA)>}1},{A}> , where

(w,R) € P(R). The Avg(a,) function is applied to a column
with attribute A in the table (y,
arithmetic mean of values in «, which differ from NULL .

R), the result obtained is the

Sum(e,)
Thus, Avg:2™™ — Num and Av = A
9:em” = 9(a) Count(e,)
We have Avg(QD,)= Sum(,) _ NULL =NULL ,
Count(<,,) 0
AVGUNULL™) = Sum({NULL'}) _ NULL _ oy |

Count({NULL"}) 0

k
n zdini
dny) = Sum{d",....d*H _ F
K Count({d™,...,d™*}) (n +...+n,)
all elements d,, i =1k, differ from NULL .

Avg({d,", if

In the case of the empty table (y,,R) we have
AVG, x (w0, R))= (1A NULL) L {A}) , here v, =@, .
Example 5. Let (y,R) be the table of Fig 1. Then

Avge((v.R))= <{{< A'2>}1}'{A}> :

sl (2] ).
Avg (v R))= <{{<cg>}}{@> .

Definition 23. The aggregate operation Count, . (*) by the
attribute A of the finite table on scheme R, AeR, is a

unary parametric operation of the form
Count, . (*):¥(R) => Y ({A}),
Count,,  (*)((w,R))= <{{<A ||(//||>}1}{A}> , where

(w,R) e ¥(R), and ||1//|| is the rank of the multiset y .
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The operation Count,.(*) finds the number of tuples in
the table (y/,R).

In the case of an empty table (y,,R) we have

) <{{<A' >}1}'{A}> = <{{<A|0>}1},{A}> , here

Example 5. Let <(//,R be the table of Fig 1. Then
Count,, ((w. )= (A5} }£A3)
Count,  (4)(w, R <{<B’5 }{B}>

)-(li

Count(R(*)z//R < ,5} >

Count, (*)(<‘//@ R

(//Q) :gm

V. CONCLUSIONS

In this paper the multiset table algebra is considered. The
signature of the multiset table algebra is filled up with new
operations such as inner and outer join, semijoin and
aggregate operations. The special element NULL is inserted in
the universal domain for a define of outer operations.

It should also be noted that a parameter of aggregate
operations is not necessarily only a single attribute; it also can
be some function of the tuples.
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